The single-particle inclusive differential cross-section for a reaction a + b → c + X is written as imaginary part of a correlation function in a forward scattering amplitude for a + b → a + b in a modified effective theory. In this modified theory the interaction HamiltonianHI equals HI of the original theory up to a certain time. Then there is a sign change andHI becomes nonlocal. This is worked out in detail for scalar field models and for QED plus the abelian gluon model. A suitable path integral for direct calculations of inclusive cross sections is presented.
INTRODUCTION
Inclusive cross sections like e + + e − → π ± + X are measured at a centre-of-mass-energy √ s=91.2 GeV for example by the DELPHI detector at LEP [1] . So far, only phenomenological models, which need to be tuned to the data, are available to describe the fragmentation of quarks and gluons into hadrons. A direct QCD calculation for these inclusive cross sections seems difficult because of the importance of non-perturbative effects. In order to be able to include these soft processes, one should start from an expression for the inclusive cross section which is suitable for non-perturbative calculations.
The article is organised as follows. In section 2 the basic relations for single inclusive cross sections are recalled. In section 3 we present our general formalism for the modified effective theory in the case of scalar fields. As a specific example the cross section e + + e − → q + X is considered in quantum electrodynamics (QED) with massive photons and the theory of quarks interacting with abelian gluons in section 4. A path * supported by the German Bundesministerium für Bildung und Forschung (BMBF), Contract no. 05 7HD 91 P(0), by Studienstiftung des Deutschen Volkes and by Deutsche Forschungsgemeinschaft (DFG), Grant no. GKR 216/1-9 integral representation for inclusive cross sections in the abelian gluon model is derived.
SINGLE INCLUSIVE CROSS SEC-TIONS
In this section we recall some basic relations for inclusive cross sections. Our notation follows [3, 4] . Let us consider a single-particle inclusive reaction, i.e
To take a simple case, let a, b, c be spinless particles with masses m a , m b , m c . The c.m. energy squared is s = (p 1 + p 2 ) 2 . The S-matrix element for the reaction (1) is given as
Here we have applied the reduction formula for particle c in the final state. Let φ c (x) be a suitable interpolating field for c and Z c the corresponding wave function renormalisation constant. The T -matrix element is obtained from the Smatrix element via
The amplitude C(p 1 , p 2 , p 3 ) will be written as a field-field correlation function in a forward scattering amplitude, but in a modified effective theory.
MODIFIED EFFECTIVE THEORY FOR SCALAR FIELDS
Let us assume that the basic dynamical variables of the original theory are the operators for unrenormalised scalar fields φ i (x) and their conjugate canonical momenta Π i (x) (i = 1, ..., N ). We denote φ i (x), Π i (x) collectively as Φ(x). Let H be the Hamiltonian of the system which we split into a free part H 0 and an interaction part H I which may depend explicitly on the time t, but should not involve time derivatives of Π i (x)
Besides the interacting fields and momenta Φ free fields and momenta Φ (0) are considered with the corresponding Hamiltonian H 0 .
We assume now as usual that there exist unitary operators U (t) that realize the time-dependent canonical transformations relating Φ to Φ
Taking as boundary condition
we get
We define furthermore
so that the S-matrix is given as
Now we return to the single inclusive cross section, where we have to calculate the matrix element
Following the time-dependence in M(x) from the right to the left, we start at time −T → −∞ and pass through operators of increasing time arguments until time 0. Then the time sequence changes and we go back in time to time −T ′ → −∞. In a usual matrix element the time arguments should increase instead. We will now show that we can write the matrix element M(x) in the usual form, with time increasing from right to left, if we pass to operatorsŨ of the form (13) but with a modified interaction HamiltonianH I . As the time-sequence in M is correct up to t = 0, we request
with
It follows
For t > 0 our modified interaction Hamiltoniañ H I (t) depends on the free fields and momenta at time (−t). But we know how to express the free fields and momenta at time (−t) by their values at time t using the free field equations of motion. Thus, we can considerH I (t) as a nonlocal functional of the dynamical variables Φ (0) ( x, t) at the same time t also for t > 0
Therefore, we can consider our matrix element as of the standard type but in the modified theory governed by the total Hamiltoniañ
Here we denote by matrix elements in the modified theory
The matrix element M is written in the standard form with an in-state to the right and an out-state to the left. The prize we have to pay is that we have to use the modified theory where the HamiltonianH(t) has a sudden variation at t = 0 and is nonlocal for t > 0.
INCLUSIVE PRODUCTION IN QED
AND AN ABELIAN GLUON MODEL
QED and the Abelian Gluon Model
In this section inclusive reactions are considered in QED coupled to an abelian gluon model. An example for such a reaction is
Starting point is the Lagrangian describing the interaction of electrons of mass m and charge −e with a massive photon of mass λ -to avoid any infrared divergences -and of two quark flavours of equal mass M and electric charge eQ q with the photon and a massive abelian gluon of mass µ. As Lagrangian we choose
where G µ denotes the abelian gluon field and G µν = ∂ µ G ν − ∂ ν G µ its field strength tensor, A µ the photon field and F µν = ∂ µ A ν − ∂ ν A µ its field strength tensor, ψ the electron field and q the quark field. We have a quark field with two flavours and τ 3 is the usual Pauli matrix.
The Hamiltonian corresponding to (24) can be obtained as usual by a Legendre transformation. Only the interaction term has to be altered in order to construct the Hamilton operator for the modified theorỹ
InH I (ỹ) the fields at time −y 0 have to be substituted by the fields at time y 0 . Two points should be stressed: First, due to the jump in the interaction, the effective theory has no time translation invariance, so that no longer energy conservation holds at every vertex. Second, the effective interaction contains derivatives.
Inclusive Quark Production in e
+ e − -Annihilation For unpolarised e − and e + in the initial state and summation over spin and flavour of the final state quark the matrix element reads
In order to calculate M we expand it in powers of the electromagnetic coupling constant e. The electromagnetic interaction of the incoming fermions can be separated
As a simple check of our theoretical manipulations let us finally calculate the lowest order in the quark-gluon-coupling g, i.e. for g = 0. Decomposing the quark 6-point-functions with Wick's theorem into quark 2-point-functions and substituting for these the perturbative propagators we get for C a two contributions according to the two different possible contractions shown in figure 1 . The distinction between both contributions is given by the fact, that the upper diagram has got an imaginary part, whereas the lower one is completely real so that we get only a contribution from the upper diagram
which is, of course, the standard result, which one obtains in considering to lowest order the reaction
for two quark flavours of charge Q q .
Path Integral Representation
In the last subsection M and therefore the onequark-inclusive cross-section could be expressed in terms of quark 6-point-functions after separating the electromagnetic interaction by a perturbative calculation. As the coupling g is not assumed to be small we will now derive a representation of these quark 6-point-functions suitable for nonperturbative calculations. For this we consider the Hamiltonian path integral in our effective theory obtained from the abelian gluon model. Any Green's function of the theory can be written as
Here the classical fields G and Π G and the Grassmann fields q andq have to be inserted into the part ofH(y) (25) which describes the abelian gluon model. Furthermore for y 0 > 0 the classical and Grassmann fields have to be time-shifted.
As the Hamiltonian path integral is quadratic in q,q, the fermionic fields can be integrated out. With the Green's functionS F of the quark in the modified gluon background
the quark propagator is given as
where the brackets on the right hand side denote the average over all gluon fields with the measure dictated by the path-integral
Inserting the Green's function into the matrix element we get the inclusive cross section expressed explicitely in terms of a Hamiltonian path integral. This expression should be a convenient starting point for applying non-perturbative methods to an evaluation of inclusive cross sections. It should be possible, for instance, to generalise the methods of [6] to the case of this effective theory here.
CONCLUSIONS
We have written the inclusive cross section as imaginary part of an amplitude C for which we have given a path integral representation. We have applied our formalism to the reaction e + + e − → q + X and checked that in lowest nontrivial order we get the correct result. Our hope is that our path integral representation will lead to a genuinely non-perturbative evaluation of inclusive cross sections at high energies along the lines of [6] . The generalisation to QCD should be straightforward. Our methods should allow a description of inclusive production of hadrons h in e + e − annihilation at high energies
in terms of a genuine OPE. A similar approach should be possible for fracture functions [8] for hadron-hadron scattering
